The effects of surface elasticity and surface tension on the stress field near nanosized surface asperities having at least one dimension in the range 1-100 nm is investigated. The general two-dimensional problem for an isotropic stressed solid with an arbitrary roughened surface at the nanoscale is considered. The bulk material is idealized as an elastic semi-infinite continuum. In accordance with the Gurtin-Murdoch model, the surface is represented as a coherently bonded elastic membrane. The surface properties are characterized by the residual surface stress (surface tension) and the surface Lame constants, which differ from those of the bulk. The boundary conditions at the curved surface are described by the generalized Young-Laplace equation. Using a specific approach to the boundary perturbation technique, Goursat-Kolosov complex potentials, and Muskhelishvili representations, the boundary value problem is reduced to the solution of a hypersingular integral equation. Based on the first-order approximation, some numerical results in the case of a periodic shape of the surface and the analysis of the influence of surface stress, surface tension, the surface shape, and the size of the asperity on the hoop stress at the surface are presented. It is found that the surface tension alone produces a high level of stress concentration, much more than can be reduced by surface stress arising as a result of deformation. The stress formula obtained by Gao (1991) for sinusoidal surfaces at the macrolevel is extended to nanosized surface asperities.
Introduction
Many defects, such as vacancies, interstitials, dislocations, disclinations, crystal twins, nanoclusters, and microcracks, are located in a subsurface of a real material. This is one of the reasons that an initially smooth surface becomes roughened under a number of natural phenomena: heat, light, short-wavelength electromagnetic radiation, radioactive emissions, chemicals, mechanical stress, etc. ( Medina and Hilderliter, 2014; Pronina, 2015; Sedova and Pronina, 2015 ) . For instance, under mechanical loading, surface asperities with lateral sizes of about a hundred nanometers and vertical sizes about ten nanometers, that arise on mechanically and/or chemically polished Si(111) and Ge(111) surfaces of plates made from cylindrical mono-crystal products, has been addressed by Betechtin et al. (2003) . The same formations of a wavy surface roughness in heteroepitaxial films have been observed by Ozkan et al. (1997) . Various examples of nanostructured surfaces and surface effects are described by Rosei (2004) in a paper which extends and complements a previous review ( Moriarty, 2001 ) .
The principal aim of the present paper is to extend a complex variables based technique, applied previously to the analysis of elastic materials with macro asperities of a slightly curved surface ( Grekov and Kostyrko, 2015; Grekov and Makarov, 2004; Vikulina et al., 2010 ) and interface ( Grekov, 2004 ( Grekov, , 2011 Grekov and Kostyrko, 2013 ) , to a problem involving surface nano_asperities similar to those observed by Ozkan et al. (1997) and Betechtin et al. (2003) . We prove that this technique is an extremely powerful tool in the analysis of the elastic fields around nanosized surface asperities.
Surface asperities are the source of stress concentrations. Analyzing a sinusoidal surface perturbation of a stressed solid at the macrolevel, Gao (1991) has shown that even a slightly undulating surface can generate significant stress concentration that can induce fracture before the bulk stress reaches a critical level. Similar results have been analytically obtained for cycloid-shaped surfaces ( Chiu and Gao, 1993 ) , arbitrary weakly curved surfaces ( Grekov and Kostyrko, 2015; Grekov and Makarov, 2004; Medina, 2015; Medina and Hilderliter, 2014; Vikulina et al., 2010 ) , and interfaces ( Grekov, 2004 ( Grekov, , 2011 Grekov and Kostyrko, 2013 ) .
All of these solutions are suitable for the case of macroscale roughness when the effect of surface tension and surface elasticity on the stress state of the solid is negligible in comparison with the effect of the macroscopic bulk elastic behavior. At the same http://dx.doi.org/10.1016/j.ijsolstr.2016.06.013 0020-7683/© 2016 Elsevier Ltd. All rights reserved. time, it was observed by Wang et al. (2011) that the mechanics of nanosized structural elements, such as nanoparticles, nanowires, nanobeams, nanoplates, and nanoshel s as well as heterogeneous materials containing nanoscale inhomogeneities deviates notably from general classical mechanics. Unlike bulk material elements, the nanostructures have elastic properties which are highly dependent on their size (e.g. Duan et al., 2009; Miller and Shenoy, 2000; Shenoy, 2005; Altenbach et al., 2010; Eremeyev and Morozov, 2010; Goldstein et al., 2010; Shodja et al., 2012 ) .
The size dependency of the mechanical properties at the nanoscale can be understood by incorporating the effect of surface stress. The basic concept of surface/interface stress in solids was first proposed by Gibbs (1906) . Later, Murdoch (1975, 1978) ; Gurtin et al. (1998) ; Murdoch (1976) elaborated the mathematical framework incorporating surface stress into continuum mechanics. Miller and Shenoy (20 0 0) compared the results obtained by the continuum model with those obtained by means of the embedded atom method for nanobeams and nanowires and found that the results were almost indistinguishable. Basically, the continuum surface stress model assumes that a nanostructure is made of the bulk and some surfaces ( Shenoy, 2005 ) with the surface modules of the nanostructure being different from those of the bulk.
In order to study the effect of surface and interface stresses, numerous boundary value problems have been solved for elastic solids with nano-inhomogeneities, based on Gurtin and Murdoch's theory and generalized Young-Laplace equation (e.g. Rajapakse, 2007a, 2007b; Mogilevskaya et al., 2008; Kushch et al., 2013; Shodja et al., 2012; Gutkin et al., 2013; Grekov and Yazovskaya, 2013; Bochkarev and Grekov, 2014 , etc.) . The influence of the surface elasticity on the elastic field even at a planar surface has been reported in Vikulina and Grekov (2012) for the case when the external forces applied to this surface have changed within a nanometer region.
We are cognizant of only a few papers where the surface stress is studied considering nanosized surface asperities ( Fu and Wang, 2010; Gill, 2007; Mohammadi et al., 2013; Wang et al., 2010; Weissmuller and Duan, 2008 ) . Gill (2007) has investigated the distribution of the stress at a nanoscale surface flaw in the simplest case, when the surface and substrate have the same elastic properties and the surface stress does not depend on the surface strain and is defined by a determinate function. Owing to such unusual simplifications, he managed to derive an analytical expression for the stress at the surface of an isolated groove of varying sharpness. Following Gurtin and Murdoch's surface elasticity, the elastic field around a single nanosized groove and bugle has been investigated by Fu and Wang (2010) through the finite element method. They found that when the size of the defects shrinks to a nanometer, the stress fields around such defects will be affected significantly by the surface effects. The studies of the other papers listed above have been basically focused on the derivation and analysis of the effective surface stress Weissmuller and Duan, 2008 ) and the effective properties of a nominal flat surface for both randomly and periodically rough surfaces ( Mohammadi et al., 2013 ) , but the impact of the surface stress and surface tension on the stress distribution and stress concentration at a roughened surface has not been addressed in those papers.
In the present paper, the approach developed by Grekov (2004 Grekov ( , 2011 ; Kostyrko (2013, 2015) ; Grekov and Makarov (2004) ; Vikulina et al. (2010) for the analysis of the elastic fields induced by slightly curved surface/interface at the macrolevel is used to study the effect of nanosized surface asperities arising on an initially planar surface. We consider the 2-D problem on the elastic half-space with a slightly curved surface under remote tension and a generalized Young-Laplace boundary condition with unknown surface stress. We solve this problem more completely and correctly than was done in Vikulina (2014) . First, we use the boundary perturbation technique and derive the integral dependence of the complex potentials on the surface stress to any-order of approximation. Then, based on the reductive constitutive equations of Gurtin and Murdoch's surface elasticity model, used in a number of publications (e.g. Tian and Rajapakse, 20 07a, 20 07b; Duan et al., 2009; Altenbach et al., 2010; Shodja et al., 2012; Gutkin et al., 2013 , etc.) , we satisfy the inseparability condition of the surface and substrate that leads, for an arbitrary surface relief, to the hypersingular integral equation in an approximation of any order of the perturbation method. Similar integral equations have been analytically solved for the half-plane under periodic loading ( Vikulina and Grekov, 2012 ) and a circular nanohole ( Grekov and Yazovskaya, 2014 ) with the appropriate methods. In the first-order approximation, we derive the solution of the integral equation in an explicit form when the surface relief is described by a periodic function, and present formulas for the complex potentials and stress tensor components in the form of complex series. At the end of the paper, we give the most essential numerical results and their analysis for some shapes of the surface.
Problem formulation
We consider a semi-infinite elastic solid with a roughened surface slightly deviating from a planar one. The surface has elastic properties differing from the same properties of the volume and, according to the theory of surface elasticity Murdoch, 1975, 1978 ) , is represented as very thin film which adheres to the bulk material without slipping. The plane strain conditions are assumed to be satisfied and the solid is subjected to a remote tensile loading T and extra surface stress σ s ( Fig. 1 ).
So, we come to the 2-D boundary value problem for the elastic half-plane
The function f ( x 1 ) describes the profile of the surface and can be either a continuous periodic function as in Fig. 1 Grekov and Makarov (2004) and Grekov (2011) . In the both cases, max | f (
As follows from the definition of and f , the maximum deviation of the surface from the plane x 2 = 0 is εa .
To obtain the boundary condition at a free from external forces, one can consider the equilibrium of a surface section of infinitesimal length ds on the plane z , as shown in Fig. 2 , and unit length in the transverse direction. Besides the surface stresses σ s and σ s + dσ s , the section is subjected to the action of the volume with the net force σ n ds (per unit depth) where σ n is the traction. Let R, θ be the polar coordinates of the point M and R be the radius of curvature of the arc MN at this point. Then, equating the sum of the x 1 and x 2 projections of all forces to zero and proceed- ing to the limit when d θ tends to zero yields
Here, σ n 1 , σ n 2 are the components of the stress vector σ n in the Cartesian coordinates x 1 , x 2 , respectively, and k = 1 /R is the curvature of at the point M .
The relation between the components σ n 1 , σ n 2 and the components σ nn , σ nt of the same stress vector in the local Cartesian coordinates n, t with the angle β between the n and x 1 axes can be written in the complex form ( Muskhelishvili, 1977 ) as
(2)
Comparison of the complex analog of Eq. (1)
with Eq.
(2) leads to the following boundary condition:
The metric coefficient h ( Novozhilov, 1961 ) and the curvature k of the boundary are defined by
It should be noted that condition (4) is the generalized Young-Laplace equation ( Duan et al., 2009; Povstenko, 1993 ) in the case of a 2-D problem.
At infinity, the stresses σ i j (i, j = 1 , 2) in the coordinates x 1 , x 2 and the rotation angle ω are specified as lim
The constitutive equations of surface linear elasticity for the Piola-Kirchhoff stress tensor ( Duan et al., 2009; Murdoch, 1975, 1978 ) and Hooke's law for the bulk material in the case of a plane strain ( Grekov and Yazovskaya, 2014 ) are thus
In Eqs. (7) and (8) , ε nn , ε tt , ε nt are the strains of the bulk material; ε s tt is the surface strain; λ s , μ s are the surface elastic constants similar to the Lame constants λ, μ; and γ 0 is the residual surface stress (surface tension).
The additional equation which enables us to find the surface stress σ s tt and solve the boundary value problem is the inseparability condition of the surface and bulk, expressed in terms of hoop strains:
It should be noted that we do not consider the case of the plane stress, as our goal is to study nanosized asperities like grooves and ridges. Such a relief of the Si (111) surfaces has been observed by Betechtin et al. (2003) . But the following reasoning will be valid for the plane stress if Eqs. (7) and (8) are replaced with those for the plane stress (see Grekov and Yazovskaya, 2014 ) .
Boundary equation for complex potentials
According to Muskhelishvili (1977) , the stress vector σ = σ nn + iσ nt in the area with normal n at the point z is related to the holomorphic Goursat-Kolosov functions and by
where α is the angle between the axes t and x 1 , a bar over a symbol denotes complex conjugation, and a prime denotes the derivative with respect to the argument. Introduce the new function Y( z ) holomorphic in the region which is symmetrical to the region with respect to the axis x 1 , i.e.
In view of Eq. (11) , Eq. (10) can be transformed into
Assuming α = 0 and α = π / 2 in Eq. (12) when x 2 tends to −∞ , one obtains lim
Pass to the limit in Eq. (12) when z → ζ ∈ . Then, by setting α = α 0 ( α 0 is the angle between the tangent to and the x 1 -axis at the point ζ ) and taking into account Eq. (4) , we get the following boundary equation for the complex potentials and Y:
Boundary perturbation procedure
A feature of the Eq. (14) is that ζ = ζ for the curvilinear boundary . So, it is impossible to find functions ( z ) and Y( z ) and express them in terms of the right-hand side of this equation. Such expressions are easily obtained if a solid has a planar surface, i.e. is a straight line coinciding with the x 1 -axis ( Vikulina and Grekov, 2012 ) .
Considering the slightly curved boundary , one can find approximate expressions for ( z ) and Y( z ) with any accuracy. For this purpose, we will use the universal boundary perturbation technique which has been developed and applied recently to a number of 2-D problems of solid mechanics ( Bashkankova et al., 2015; Grekov, 2004 Grekov, , 2011 Kostyrko, 2013, 2015; Grekov and Makarov, 2004; Grekov and Morozov, 2009; Vikulina et al., 2010 ) .
Note that the boundary perturbation method has been used in many papers. Quite a number of them are reviewed in Bashkankova et al. (2015) . Recently, based on this method, Medina and Hilderliter (2014) and Medina (2015) have derived stress concentration formulas for different slightly curved surfaces at the macrolevel and Mohammadi et al. (2013) have presented derivations that relate both a periodic and a random roughness to the effective surface elastic behaviour. Unlike all cited papers, our perturbation technique, based on the original equation in complex potentials, similar to (14) , leads either to the same explicit equation or the same integral equations in an approximation of any order. As a result, one can obtain a solution of the problem in any-order approximation by means of the appropriate algorithm created for each case.
According to this perturbation method, we seek unknown functions , Y and surface stress σ s tt as power series in the small parameter ε:
Expand the boundary values of functions n , Y n at and functions σ s n into Taylor series in the vicinity of the line x 2 = 0 treating x 1 as a parameter:
It is important to note that the series in Eq. (16) for σ s n ( ζ ) contains only members with even derivatives of σ s n ( x 1 ) as σ s n ( ζ ) is a real function, and so the odd derivatives σ (2 m +1) s n (x 1 ) = 0 (m, n = 0 , 1 , . . . ) .
In view of the equality ε f (x 1 ) = tg (α 0 ) and the condition | εf ( x 1 )| < 1, one can write also the following power series:
Substituting (16) and (17) into Eq. (14) and equating the coefficients of ε n (n = 0 , 1 , . . . ) on both sides, we arrive at a sequence of Riemann-Hilbert problems:
where ± n (x 1 ) = lim z→ x 1 ±i 0 n (z) .
The piecewise holomorphic function n ( z ) is defined as
and
Following Muskhelishvili (1977) , the solution of the problem (18) can be written in terms of Cauchy type integrals:
and C 0 = T / 4 , C n = 0 (n = 1 , 2 , . . . ) . It is easy to see that the function F n ( n = 1 , 2 , . . . ) in Eq. (20) depends only on all the previous approximations, and so the integral J n in Eq. (21) is a known function. To find the unknown function σ s n and, as a consequence, the integral I n and complex potentials of the n th-order approximation, we will use the first constitutive Eq. (7) of Gurtin-Murdoch's surface elasticity model and the inseparability condition (9) in the next section.
The integral equation of the n th-order approximation
Taking into account series expansions for the displacements, stresses and strains similar to those in Eq. (15) , one can derive from Eqs. (7) and (8) the following equalities of the n th-order approximation:
Taking in Eq. (12) the angle between the t -axis and x 1 -axis equal first to α and then to α 1 = α + π / 2 and summing the results, we obtain two expressions coupling the stress tensor components in the local coordinates n, t with the complex potentials n , Y n of the n th-order approximation:
Here, as in Eq. (12) , α is the angle between the axes t and x 1 .
Pass to the limit in Eq. (24) when z → ζ ∈ and α = α 0 . Substituting the result into Eq. (23) , satisfying the inseparability condition (9) and taking into account Eqs. (16) - (19) , we come to the following equation in the unknown function σ s n ( x 1 ):
where M = ( λ s + 2 μ s ) / 2 μ, = (λ + 3 μ) / (λ + μ) and
As is seen from Eq. (26) , V n is the known function depending for n > 0 on all the previous approximations.
We will now transform Eq. (24) to a hypersingular integral equation. First, recall the Sokhotski-Plemelj formulas ( Muskhelishvili, 1977 ) for the limiting values of the Cauchy type integrals I n and J n :
where I ± n (x 1 ) = lim z→ x 1 ±i 0 I n (z) and J ± n (x 1 ) = lim z→ x 1 ±i 0 J n (z) .
Taking into account Eqs. (21) and (22) , substitute Eq. (27) into Eq. (25) . After differentiating the resulting equation, we come to the following hypersingular integral equation in σ s n (n = 0 , 1 , . . . ) :
The singular integrals in Eq. (27) and the hypersingular integrals in Eq. (28) are understood in the sense of Cauchy principal value and finite part (Hadamard) integrals, respectively (see Linkov and Mogilevskaya, 1998; Linkov, 2002 ) . The last integrals are the result of the formal differentiation of the corresponding integrals in Eq. (27) , which is valid when σ s n and F n have first derivatives of Holder class ( Linkov, 2002 ) .
It is worth noting that the homogeneous equation corresponding to Eq. (19) has only the zero solution. Otherwise, under the absence of external forces, there would exist a nonconstant function σ s 0 which is the surface stress arising in an infinite planar surface. This, however, is physically unreal and, in addition, contradicts the expansion of the functions σ s n in Eq. (16) . Therefore, if the first derivative of the functions σ s n (ζ ) satisfies to a Holder condition, then Eq. (19) always has a unique solution for any continuous right-hand side ( Linkov, 2002; Linkov and Mogilevskaya, 1998 
If the surface asperities are described by a periodic function f ( x 1 ), the right-hand side of Eq. (28) is periodic. In this case, we can obtain an exact analytical solution of Eq. (28) and, as a consequence, the solution of the initial problem in terms of Fourier series for approximation to any order ( Vikulina and Grekov, 2012 ).
An example of such a solution is presented in the next section for the first-order approximation.
First-order approximation in the case of periodic asperities
For n = 1 , Eqs. (20) and (26) give
In accordance with Eqs. (19) - (22) and (29) , the complex potentials of the zero-order approximation are equal
and Eq. (30) simplifies:
If f ( x 1 ) is an even periodic function with period a , then it can be represented by the following Fourier series:
where b k = 2 π k /a. In this case, it is natural to seek σ s 1 (x 1 ) in terms of a trigonometric series:
Substituting Eqs. (32) , (33) and (34) into Eq. (28) , one can express the coefficients A k and B k in terms of the D k as follows:
As a consequence, (34) and (35) give an analytical solution of the integral Eq. (28) for n = 1 . Substituting Eq. (34) into Eq. (22) , we obtain 1 and Y 1 from Eqs. (19) and (21) in the following form:
After integrating Eq. (34) and taking into account Eq. (29) , we arrive at an approximate expression for the surface stress, of order ε:
According to Eqs. (15) and (24) , the components of the stress tensor in the local coordinates n, t can be written as
Numerical results and discussion
To obtain the selected numerical results presented below, we use the elastic parameters of the surface that was determined by the embedded atom method in Miller and Shenoy (20 0 0) for We assume that the surface profile is described by the periodic function
The quantity y specifies the shape of the profile, y ∈ ( 0 , + ∞ ) .
The function (39) covers a wide range of surface profiles, from the sinusoidally wavy surface
( f ( x 1 ) → f 1 ( x 1 ) when y → + ∞ , q = 0) , to periodically distributed local defects like sharp valleys ( q = 0 , the curve 1 in Fig. 3 (a) ) or ridges ( q = 1 ), when y 1. Note, that a shallow undulation with a varying amplitude and wavelength, and a sharp cycloid-like valley region has been observed by Gao and Nix (1999) .
Some of the profiles are shown in Fig. 3 (a) for q = 0 and y = 0 . 15 , 0 . 5 and 2.0 (curves 1, 2 and 3 , respectively). The influence of the parameter y on the normalized radius of curvature R / a at the bottom of the valley is shown in Fig. 3 (b) . The value y = 3 corresponds to the radius of curvature R = 0 . 025 a of the curve (39) at the point x 1 = 0 , which differs from the radius of curvature of the cosine wave (40) by 1.2%. So, one can accept the profile for y = 3 as a cosine wave. It should be noted that y influences not only R but also the depth d = ε( max f − min f ) of the valley and, in general, the shape of the profile. As y varies from 0.15 to ∞ , the depth d varies from 11.5 R to 0.79 R if ε = 0 . 1 .
The results presented below were obtained by means of the first-order approximation (38) with ε = 0 . 1 using the truncated Fourier series of the function f ( x 1 ). For each value of y , we determined the series length by calculating the relative discrepancy between the exact and approximate value of R at x 1 = 0 so that this discrepancy should not be greater than 0.1%. For example, it is necessary to keep no less than 22 terms of the Fourier series if y = 0 . 15 .
It is not difficult to derive explicit expressions for the stresses when the profile is described by the cosine function (40) . In this case, substituting the function (40) into Eq. (33) and using Eqs. (35) and (36) , we arrive at the following formulas for the complex potentials:
Inserting Eqs. (41) and (42) into Eq. (38) , one can readily evaluate the stress state at each point z of the structure considered. We will write below the expression for the hoop stress at a sinusoidally wavy surface in the first-order approximation as the stress distribution along a free surface is of great interest for the analysis of the stress concentration:
where
T .
The first term in Eq. (43) is the classical solution obtained by Gao (1991) and the second one determines the surface effect. As follows from Eq. (44) , this effect consists in the dependence of the factor Q on the surface tension γ 0 and the parameter M related to the elastic properties of the surface and bulk material.
In order to study the direct effect of the surface elasticity on the elastic field in our model, we first assume that the residual surface stress (surface tension) γ 0 is ignored in the constitutive equations of surface elasticity (7) and, as a consequence, in Eq. (29) . The surface tension has been neglected in the constitutive equations of surface elasticity by many researchers (i.e. Duan et al., 2009 ; Eremeyev and Morozov, 2010; Fu and Wang, 2010; Shodja et al., 2012 ; Gutkin et al., 2013, etc.) . This assumption covers those cases in which the surface tension is small compared to the elastic properties of the material surface ( Duan et al., 2009; Mogilevskaya et al., 2008 ) . Nevertheless, using the original Gurtin and Murdoch equations without any simplifications, Mogilevskaya et al. (2008) have revealed that for some problems of nano-structures, all of the terms in the constitutive equation for the material surface, including the surface tension, can be significant and should be taken into account.
Basically, surface tension is the surface stress corresponding to a strainless body (fluid or solid), and the smaller the external forces applied to the solid the more significant the influence of the surface tension on the elastic field in the vicinity of the surface (see Eqs. (43) and (44) and Grekov and Yazovskaya (2014) ). On the contrary, if the first summand in the right-hand side of Eq.
(29) is much smaller than the addend, then one can take γ 0 = 0 in The influence of the period a on the stress concentration factor S = max σ tt /T is shown in Fig. 4 for the surface profiles corresponding to the values y = 0 . 15 and y = 0 . 5 . For comparison, we present the classical solution without surface stress (dashed lines) when M = 0 , and the solution based on Gurtin and Murdoch's surface elasticity with M = 0 . 117 nm (continuous lines). Note that we take σ tt = σ 11 as these stresses differ by something of the order ε 2 in the first-order approximation (see Grekov and Kostyrko, 2015 ) .
It is worth comparing the reasonable results obtained through a finite element method by Fu and Wang (2010) for a single groove described by a cosine function and the analytical solution (43) for a sinusoidally wavy surface. As follows from Fu and Wang (2010) , the stress concentration factor for a groove with a depth H = 2 . 5 nm and geometric ratio α = H/w = 0 . 25 ( w is the half-length of the defect) is approximately 3.0. Eq. (43) yields 2.46 nm for a = 10 nm and ε = 0 . 125 as H = 2 aε , α = 4 ε . Such a smaller value of the stress concentration for the sinusoidally wavy surface as compared with that for the corresponding single groove at the nanoscale is predicted by the similar relation of the stress concentration factors at the macrolevel (see Gao (1991) ). Fig. 5 shows the distribution of the hoop stresses σ tt along the curved surface for a = 10 nm, y = 2 ( Fig. 5 (a) ) and y = 0 . 15 ( Fig. 5 (b) ) without surface stress (curves 1 , M = 0 ) and with surface stress (curves 2 , M = 0 . 117 nm). It is worth noting that curve 1 in Fig. 5 (a) is in good agreement with Eq. (43) . The largest discrepancy is approximately 1.5%.
One can see from Figs. 4 and 5 and Eq. (43) that incorporating the surface stress reduces the concentration of the hoop stresses if γ 0 = 0 . Also, one can observe the size effect: decreasing the period a leads to decreasing the stress concentration factor S ( Figs. 4 and  5 ) . This effect is more sensitive for the valley with the smaller radius of curvature (i.e. for y = 0 . 15 ). The size effect disappears with increasing period. Thus, the difference between the classical solution and the solution with surface stress for the factor S becomes less than 1% if a > 165 nm (i.e. εa > 16.5 nm, R > 11.6 nm) for y = 0 . 5 and a > 490 nm ( εa > 49 nm, R > 4.9 nm) for y = 0 . 15 .
The influence of the surface tension γ 0 on the elastic field in nanosized structures ascertained recently in a number of papers (e.g. Tian and Rajapakse, 20 07a; 20 07b; Mogilevskaya et al., 20 08; Goldstein et al., 2010; Grekov and Yazovskaya, 2014 ) is of great interest in the case of surface asperities at the nanoscale as well.
The results plotted in Figs. 6 and 7 indicate that the surface tension affects the distribution of σ tt noticeably. As follows from Fig. 5 (a) , the surface stress reduces σ max tt by approximately 4.5%, but incorporating the surface tension γ 0 raises this maximum stress by 35% when a = 10 nm, y = 2 and T = 0 . 1 GPa (compare Fig. 5 (a) and Fig. 6 (a) ). So, if external loading is absent or relatively small, the elastic field at the boundary is principally determined by the value of the surface tension, the effect of which exceeds considerably the effect of the surface elasticity (surface stress). Such a rule has been reported also in Grekov and Yazovskaya (2014) for an example of the Kirsch problem.
Comparing the size effect represented in Fig. 4 and Fig. 7 (a) , one can notice an interesting fact. Decreasing the period a leads to decreasing the maximum hoop stress σ max tt if γ 0 = 0 ( Fig. 4 ) but to increasing of this stress if γ 0 = 0 ( Fig. 7 (a) ). At the same time, the size effect diminishes in both cases when a increases.
As is seen from Figs. 5-7 , the shape of the surface influences appreciably the hoop stress. The value of σ max tt increases if the parameter y decreases (i.e. if R decreases, as follows from Fig. 3 (a) ). Fig. 5 . Distribution of the hoop stress σ tt within one period for a = 10 nm and y = 2 (a), y = 0 . 15 (b) without surface stress ( 1 ) and with surface stress ( 2 ) when γ 0 = 0 . at the bottom of the valley on the period a for y = 2 (curves 1) and y = 0 . 5 (curves 2) (a) and parameter y for a = 10 nm (b). Continuous lines correspond to γ 0 = 1 N/m and T = 0 , dashed lines -to γ 0 = 1 N/m and T = 0 . 1 GPa.
Summary and conclusions
The technique developed in our previous papers to study the elastic fields arising from surface/interface roughness at the macrolevel has been extended in this paper to surface asperities at the nanoscale. For this purpose, we have used one of the linearized versions of the surface elasticity model proposed by Murdoch (1975 , 1978 ) . Under the assumption of a small deviation of the surface from a planar one, based on the original boundary perturbation method, we have reduced the corresponding 2-D boundary value problem to the solution of the same hypersingular integral equation in any-order approximation. In the case of a periodic shape of the surface, we have pointed out a way of obtaining an exact solution of this equation in terms of Fourier series. For the first-order approximation, we have derived an explicit solution of the integral equation that is expressed in terms of an arbitrary periodic function describing the profile of the surface. For sinusoidally wavy surface, we have deduced stress driven formula that is extension of Gao's formula to the nanosized surface asperities.
The method presented in the paper is sufficiently general and can be applied to study elastic fields in 2-D problems with nanosized surface asperities with different slightly curved shapes, from local valleys and ridges to arbitrarily distributed irregularities of the surface.
We believe that the numerical results obtained in the paper by means of continuum mechanics give an idea of the elastic properties of the surface asperities at the nanoscale. One of these properties concerning surface tension should be emphasized. A high level of stress concentration produced by surface tension alone is far above what the surface stress can reduce by means of deformation.
In future research, we plan to extend the approach developed in this paper to the case of nanosized interface asperities between two dissimilar crystalline materials. The solution of such a problem can be useful in studies of heterostructures at the nanoscale.
